In this paper, we are concerned with the Riesz means of Dirichlet eigenvalues for the sub-Laplace operator on the Engel group and deriver different inequalities for Riesz means. The Weyl-type estimates for means of eigenvalues are given.
Introduction
The Engel group is a Carnot group of step G 3 r  (see [1] ), its Lie algebra is generated by the left-invariant vector fields The Riesz means of Dirichlet eigenvalues for the Laplace operator in the Euclidean space have been extensively studied(see [3] [4] [5] ). In recent years, E. M. Harrell II and L. Hermi in [6] treated the Riesz means
Authors in [6] combined the Weyl-type estimates of means of eigenvalues established in [6] and the result in [8] to obtain the Weyl-type estimates of eigenvalues. But it is not easy to extend the result in [8] 
Clearly,
Similarly to Theorem 1 of [9] , we immediately have
, :
The Proof of Theorem 1.1
In this section, we prove Theorem 1.1 and two corollaries.
Proof. Let us use (2.2) and denote the first term on the right-hand side of (2.2) by
here we used the symmetry on and in the last step. 
where we denote
, ,
is a complete orthonormal set, it follows 
Returning to (3.1) with them, it yields
We consider three cases 
is a nondecreasing function of
Substituting this into (3.4), we obtain
and (1.4) is proved. The remainders are discussed similarly to 1).
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, , 1 0.
and (1.6) is proved. Noting (2.1), it implies
is a nondecreasing function of . 
Since (3.7) holds for arbitrary 0 z 
